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We study the resonance interaction between two entangled identical atoms coupled to a quantized
scalar field vacuum, and accelerating between two mirrors. We show how radiative processes of
the two-atom entangled state can be manipulated by the atomic configuration undergoing noniner-
tial motion. Incorporating the Heisenberg picture with symmetric operator ordering, the vacuum
fluctuation and the self-reaction contributions are distinguished. We evaluate the resonance energy
shift and the relaxation rate of energy of the two atom system from the self-reaction contribution
in the Heisenberg equation of motion. We investigate the variation of these two quantities with
relevant parameters such as atomic entanglement, acceleration, interatomic distance and position
with respect to the boundaries. We show that both the energy level shift and the relaxation rate
can be controlled by tuning the above parameters. It is observed that the relaxation rate can be
enhanced or diminished by a more significant amount compared to the energy level shift.
PACS numbers:
I. INTRODUCTION
Atom-field interaction is a significant arena in the field
of fundamental studies [1] as well as in quantum tech-
nology [2]. Radiative atoms or quantum emitters are
basic building blocks of quantum networks [3]. Recent
experimental developments in controlled atom-field in-
teractions provide us an excellent platform to perform
quantum tasks [4, 5], and for verification of fundamental
phenomena [6]. Radiative properties of atoms play a key
role in these contexts. Spontaneous emission affects the
shape and temporal profile of the signal in matter-wave
interferometry [7]. The photons used to encode and dis-
tribute information across quantum networks are created
and controlled by atomic radiation [8, 9].
The physics behind spontaneous emission of atoms is
governed by the interplay of vacuum fluctuation [10, 11]
and radiation reaction or self-reaction [12, 13]. An inter-
esting phenomenon arises in case where more than one
atom interacts with the quantized vacuum. The self-
reaction contribution leads to exchange of real photon
between two atoms (one in ground state and the other
in excited state) apart from its contribution to sponta-
neous emission. This phenomenon is known as resonance
interaction [14–19]. For separable states, resonance inter-
action is a fourth order effect in the coupling constant,
and inversely proportional to square of the interatomic
distance in the far zone limit [20–23]. For correlated
symmetric (superradiant) or antisymmetric (subradiant)
states, resonance interaction is a second order effect in
the coupling constant, and is inversely proportional to
the interatomic distance [14–16, 24–26]. Studying entan-
glement in context of resonance interaction is important
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because entanglement is a widely used resource in quan-
tum information science.
The effects of acceleration on atom-field interactions
is a fascinating topic on its own right. The fundamen-
tal question of observer dependence of the particle con-
tent of quantum vacuum in non-inertial settings has been
much explored ever since the pioneering works of Fulling
[27], Davies [28] and Unruh [29]. However, observing
vacuum fluctuations of the background thermal fields
require very high accelerations that may be diffcult to
achieve using current technology. On the other hand,
it has been observed recently that effects of acceleration
on resonance interactions could be more prominent even
for much lower values of acceleration [30–32], and hence,
may be more amenable for experimental detection. Since
acceleration of atoms is a ubiquitous feature in various
optical, magnetic and gravitational traps [7, 33–35], the
observation of non-inertial effects on resonance interac-
tions seems quite feasible in practical set-ups.
The study of atom-photon interactions in confined or
structured environments has received focused attention
in recent times. Due to innovation in nanofabrication
techniques [36, 37], observation of atomic excitations
in nanoscale waveguides has been performed [38], us-
ing trapped atoms in optical nanofibres [39, 40]. A new
field of waveguide quantum electrodynamics is emerging
through such studies, which has opened up the possibil-
ities of exploration of fundamental quantum optical as-
pects such as atom-photon lattices [41], as well as the
potential of long-distance quantum communication en-
abled using atomic ensembles [42, 43]. At the basic level,
a waveguide or cavity imposes boundary conditions that
affect radiative properties of atoms. The consideration of
boundary effects cannot be overemphasized while study-
ing fundamental phenomena such as resonant interac-
tions of entangled atomic systems, or developing quan-
tum protocols using such systems confined within cavities
or waveguides.
The motivation for the present work is to investigate
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2how radiative properties of entangled atoms change under
the combined effect of boundary conditions and acceler-
ation of atoms. Resonance interaction has been stud-
ied in case of static atoms in structured environments
[44, 45]. However, quantum mechanical particles such as
atoms can never be absolutely static, but rather undergo
accelerations in various confining potentials in realistic
scenarios [7, 33–35]. The energy level shift due to reso-
nance interaction has been studied in the context of two
correlated and accelerating atoms in free space as well
as in front of a single infinite mirror [30, 31]. The rate
of change of energy due to resonance interaction of two
entangled atoms accelerating in free space has also been
studied recently [32]. Employing the formalism proposed
by Dalibard, Dupont-Roc and Cohen-Tannoudji (DDC)
[46, 47], it has been shown that vacuum fluctuation does
not contribute to resonance interaction which is a non-
thermal effect caused by the radiation field of an atom
perturbed by the radiation field of the second atom. How-
ever, the resonance interactions indeed depends upon the
system acceleration [30–32].
In this work we employ the DDC formalism to perform
a detailed study of the resonance interaction of an en-
tangled two-atom system which accelerates between two
mirrors. A simple approximation for a waveguide or a
cavity is two infinite parallel plates. Here we consider
two entangled atoms accelerating between two reflecting
infinite parallel plates. The atomic system interacts with
a quantized scalar vacuum in the presence of boundary
conditions imposed by the two plates. Since boundary
conditions modify the density of states of the radiation
field, the response of the field depends upon the boundary
parameters. There are two quantities of interest arising
due to resonance interaction [46, 47]. First, the energy
level shift of eigenbasis of the two-atoms state manifests
modification of the energy spectrum of the system. Sec-
ondly, the average rate of change of energy, or the relax-
ation rate of energy of the two atoms, explains atomic
transition due to resonance interaction. We calculate the
resonance energy level shift and relaxation rate of en-
ergy of the two-atom system which accelerates under the
above boundary condition.
In the present analysis we are further motivated to
study how the spatial location of the atoms within the
region confined by the two mirrors, and the spatial con-
figuration of the two-atom system impact their resonant
interaction. For this purpose we consider here two dif-
ferent configurations – the line joining the two atoms is
parallel to the axis of the plates in one case, and per-
pendicular to the axis of the plates in the other case.
We explicitly evaluate the energy level shift of the atoms
and their rate of change of energy due to resonance inter-
action with boundary parameters for both the configura-
tions and study the variation of the above quantities with
respect to atomic entanglement, interatomic separation,
distance of the atoms from one of the plates, and sepa-
ration between the plates. Within the DDC framework
[46, 47], our analysis further enables us to study as limit-
ing cases the resonance dynamics in case of free space or
a single plate [30–32]. Our results show how modification
of acceleration and geomerty of the atom-cavity system
can enhance or diminish both resonance energy shift and
relaxation rate of energy due to resonance interaction.
The organization of the paper is as follows. In sec-
tion II, we present a brief overview of some essential fea-
tures of the DDC formalism [46, 47, 50, 51] used to ob-
tain general expressions for resonance energy level shift
and relaxation rate of energy due to resonance interac-
tion of a two-atom system. In section III we first specify
the atomic configurations and spatial geometry used our
subsequent analysis. We next evaluate explicitly the res-
onance energy level shift and study its dependence on
various parameters as mentioned above. In section IV
we perform a similar analysis of the relaxation rate of
energy due to resonance interaction. We conclude with a
summary of our results in section V.
II. HEISENBERG PICTURE OF TWO
ACCELERATING ATOMS INTERACTING WITH
QUANTIZED SCALAR FIELD
In order to understand spontaneous emission by atoms,
the effects of vacuum fluctuation [10, 11] and radiation
reaction [12] have been historically invoked either sep-
arately, or together [13]. The choice of ordering of the
atomic and field operators leads to an ambiguity between
the contributions of vacuum fluctuation and radiation re-
action. In their seminal approach, DDC [46, 47] chose a
particular ordering which leads to Hermitian individual
contributions in the Hamiltonian, and thereby, indepen-
dent physical attributes for both vacuum fluctuation and
radiation reaction. This formulation has been success-
fully applied to distinguish the contribution of vacuum
fluctuation and self reaction in radiative processes of one
or more atoms [14, 48, 49]. In particular, energy shifts
of atomic levels and radiative properties of atoms under-
going noninertial motion have been described using the
DDC formalism [52–54]. Here we briefly outline this for-
malism in the context of our analysis.
Let a system of two identical two level atoms (A and
B) interact with a quantized massless real scalar field in
its vacuum. Atoms are treated as pointlike systems with
internal energy eigenstates {|g〉 , |e〉} and energy eigenval-
ues ±1
2
~ω0. The atoms accelerate between two perfectly
reflecting parallel plates placed at z = 0 and z = L and
extends from −∞ to ∞ along the x-y plane. The atoms
move with constant interatomic separation along paral-
lel trajectories XA(τ) and XB(τ) respectively, where τ is
the proper time. The multipolar Hamiltonian describing
the above phenomena, at a particular proper time slice τ
3[32, 50, 51] (in natural units) is given by
H(τ) = ω0σ
A
3 (τ) + ω0σ
B
3 (τ) +
∑
k
ωka
†
kak
dt
dτ
+λ[σA2 (τ)φ(XA(τ)) + σ
B
2 (τ)φ(XB(τ))]
(1)
where φ(X) is the quantized scalar field with mode ex-
pansion
φ(X) =
∫
d3k
1√
2ωk
[ak(t)e
ik·x + a†k(t)e
−ik·x]. (2)
ak(t), a
†
k(t) are creation and annihilation operators of the
kth bosonic mode, λ is the atom-field coupling constant,
and σ2 and σ3 are the atomic pseudo spin operators given
by
σ3 = |e〉 〈e|+ |g〉 〈g|
σ2 = |g〉 〈e|+ |e〉 〈g| . (3)
Applying the DDC formulation [46, 47], the Heisenberg
equation for reservoir (field) operator reads
dak(t(τ))
dτ
= i[H(τ), ak(t(τ))]
= −iωkak(t(τ)) dt
dτ
+ iλσA2 [φ(XA(τ)), ak(t(τ))]+
iλσB2 [φ(XB(τ)), ak(t(τ))].
(4)
The Heisenberg equation for system (atom) operator
reads
dσ3(τ)
dτ
= i[H(τ), σ3(τ)]
= iλ[σ2(τ), σ3(τ)]φ(X(τ))
(5)
dσ±(τ)
dτ
= i[H(τ), σ±(τ)]
= iω0[σ3(τ), σ±(τ)] + iλ[σ2(τ), σ±(τ)]φ(X(τ)).
(6)
where σ+ = |e〉 〈g| and σ− = |g〉 〈e|. Solution to equa-
tions (4),(5),(6) can be obtained by integrating them.
The solutions (upto first order in λ) with distinct free
(f) and source (s) part are given by
ak(t(τ)) = a
f
k(t(τ)) + a
s
k(t(τ))
afk(t(τ)) = ak(t(τ0))e
−iωk(t(τ)−t(τ0))
ask(t(τ)) = iλ{
∫ τ
τ0
dτ ′σA2 [φ(XA(τ
′)), afk(t(τ))]
+A B term}.
(7)
φ(X(τ)) = φf (X(τ)) + φs(X(τ))
φ(X) =
∫
d3k
1√
2ωk
[ak(t)e
ik·x + a†k(t)e
−ik·x]
φs(X(τ)) = iλ{
∫ τ
τ0
dτ ′σA2 [φ(XA(τ
′)), φf (X(τ))]
+A B term}.
(8)
σ3(t(τ)) = σ
f
3 (t(τ)) + σ
s
3(t(τ))
σf3 (t(τ)) = σ
f
3 (t(τ0))
σs3(t(τ)) = −iλ
∫ τ
τ0
dτ ′φ(x(τ ′))[σf2 (t(τ
′)), σf3 (t(τ))].
(9)
σ±(t(τ)) = σ
f
±(t(τ)) + σ
s
±(t(τ))
σf±(t(τ)) = σ
f
±(t(τ0))e
−iωk(t(τ)−t(τ0))
σs±(t(τ)) = −iλ
∫ τ
τ0
dτ ′φ(x(τ ′))[σf2 (t(τ
′)), σf±(t(τ))].
(10)
Let us consider the Heisenberg equation of motion of an
arbitrary system observable GA(τ) of system A (in prin-
ciple it can be any system observable of either of the sys-
tems). Choosing symmetric operator ordering between
atom and field variables and using the above solutions,
the rate of change of G (upto second order in λ), averaged
over the reservoir variable is given by〈(dG
dτ
)
vf
〉
φ
= −λ2
∫ τ
τ0
dτ ′CF (XA(τ), XA(τ ′))
[σA,f2 (t(τ
′)), [σA,f2 (t(τ)), G
f
A(τ)]]〈(dG
dτ
)
sr
〉
φ
= −λ2
∫ τ
τ0
dτ ′[χF (XA(τ), XA(τ ′))
[σA,f2 (t(τ
′)), [σA,f2 (t(τ)), G
f
A(τ)]]+
χF (XB(τ), XA(τ
′))[σB,f2 (t(τ
′)), [σA,f2 (t(τ)), G
f
A(τ)]]].
(11)
where ‘vf’ and ‘sr’ imply vacuum fluctuation and self re-
action, respectively. CF and χF are given by
CF (X(τ), X(τ ′)) =
1
2
〈0 | {φF (X(τ)), φF (X(τ ′))} | 0〉
(12)
and
χF (X(τ), X(τ ′)) =
1
2
〈0 | [φF (X(τ)), φF (X(τ ′))] | 0〉
(13)
where |0〉 denotes the Minkowski vacuum. CF is the
symmetric field correlation and χF is the anti-symmetric
field correlation or susceptibility. The commutator part
of Eq.(11) is known as the effective Hamiltonian given by
(HA,eff ) = (HA,eff )vf + (HA,eff )sr
(HA,eff )vf = − iλ
2
2
∫ τ
τ0
dτ ′CF (XA(τ), XA(τ ′))[
σA,f2 (t(τ)), σ
A,f
2 (t(τ
′))
]
(14)
(HA,eff )sr = − iλ
2
2
∫ τ
τ0
dτ ′
[
χF (XA(τ), XA(τ
′))[
σA,f2 (t(τ)), σ
A,f
2 (t(τ
′))
]
+χF (XA(τ), XB(τ
′))
[
σA,f2 (t(τ)), σ
B,f
2 (t(τ
′))
] ]
4A. Energy level shift
The shift in energy due to the effective Hamiltonian
can be calculated using non-degenerate perturbation the-
ory [30]. The total energy level shift of the two particle
system is the sum of energy shifts of each system
δE = (δE)vf + (δE)sr
(δE)vf = −iλ2
∫ τ
τ0
dτ ′[CF (XA(τ), XA(τ ′))χA(τ, τ ′)
+A B term]
(δE)sr = −iλ2
∫ τ
τ0
dτ ′[χF (XA(τ), XA(τ ′))CA(τ, τ ′)+
χF (XA(τ), XB(τ
′))CA,B(τ, τ ′) +A B term]
(15)
where C(τ, τ ′) and χ(τ, τ ′) are the symmetric and anti-
symmetric atomic correlations, given by
χ(τ, τ ′) =
1
2
〈ψ | [σf2 (t(τ)), σf2 (t(τ ′))] | ψ〉 (16)
C(τ, τ ′) =
1
2
〈ψ | {σf2 (t(τ)), σf2 (t(τ ′))} | ψ〉 . (17)
(δE)vf and the first term of (δE)sr (including their
A B counterparts) represent Lamb shifts. The second
term of (δE)sr (and their A B counterparts) represent
resonance energy shift. |ψ〉 denotes the state of the two
particle system.
B. Rate of change of energy
Substituting G(τ) in Eq.(11) by the system Hamilto-
nian Hs(τ) = ω0σ
A
3 (τ) + ω0σ
B
3 (τ) and taking average
with respect to the state |ψ〉, we get the total rate of
change of energy of the system to be
R = Rvf +Rsr
Rvf = 2iλ
2
∫ τ
τ0
dτ ′[CF (XA(τ), XA(τ ′))
d
dτ
χA(τ, τ
′)
+A B term]
Rsr = 2iλ
2
∫ τ
τ0
dτ ′[χF (XA(τ), XA(τ ′))
d
dτ
CA(τ, τ
′)+
χF (XA(τ), XB(τ
′))
d
dτ
CA,B(τ, τ
′) +A B term]
(18)
where R =
〈(dHs(τ)
dτ
)〉
φ,ψ
, Rvf =
〈(dHs(τ)
dτ
)
vf
〉
φ,ψ
,
Rsr =
〈(dHs(τ)
dτ
)
sr
〉
φ,ψ
. Rvf and the first term of Rsr
(with their A  B counterparts) represent the rate of
change of energy due to spontaneous emission. The sec-
ond term of Rsr (with their A  B counterparts) rep-
resents the rate of change of energy due to resonance
interaction.
III. RESONANCE ENERGY SHIFT AND
RELAXATION RATE OF TWO ENTANGLED
ATOMS ACCELERATING BETWEEN
PARALLEL MIRRORS
FIG. 1: (Color Online) Line joining two atoms perpen-
dicular to the plates
FIG. 2: (Color Online) Line joining two atoms parallel
to the plates
Let us now specify the details of our set-up. We choose
the quantum state of the two atoms to be
|ψ〉 = sin θ |gA, eB〉+ cos θ |eA, gB〉 (19)
where 0 ≤ θ ≤ pi. So, θ = 0, pi/2, pi represent separable
states, and the maximally entangled states are given by
θ =
pi
4
(superradiant state), and θ =
3pi
4
(subradiant
state).
The plates are located at z = 0 and z = L, respectively.
We consider the following two different configurations.
5Configuration 1: The line joining the two atoms
is perpendicular to the plates (Figure 1). Trajectories
(XA/B) of the particles are given by
tA/B(τ) =
1
a
sinh aτ xA/B(τ) =
1
a
sinh aτ
yA = yB = 0 zA = z0, zB = z0 + d
(20)
where a is the acceleration of both the particles, and d is
the interatomic distance.
Configuration 2: The line joining the two atoms is
parallel to the plates (Figure 2). Trajectories (XA/B) of
the particles are given by
tA/B(τ) =
1
a
sinh aτ xA/B(τ) =
1
a
sinh aτ
yB = yA + d zA = zB = z0.
(21)
Our goal is to evaluate the energy level shift and re-
laxation rate of energy due to resonance interaction. In
order to do so we need to calculate χF (XA(τ), XB(τ
′))
and CA,B(τ, τ
′). Recalling eq. (13) we write,
χF (XA(τ), XB(τ
′)) =
1
2
〈0 | [φF (XA(τ)), φF (XB(τ ′))] | 0〉 .
(22)
The Wightman function between two space-time points
in presence of two mirrors is given by [55–57]
W (X(τ), X(τ ′)) = 〈0 | [φF (X(τ))φF (X(τ ′))] | 0〉
= − 1
4pi2
∞∑
n=−∞
[ 1
(∆t− iη)2 −∆x2 −∆y2 − (2Ln−∆z)2
− 1
(∆t− iη)2 −∆x2 −∆y2 − (2Ln− z − z′)2
]
.
(23)
>From the above correlation function, the susceptibility
can be written as
χF (X(τ), X(τ ′))
= − i
4pi
∞∑
n=−∞
(∆t)
[
δ(∆t2 −∆x2 −∆y2 − (2Ln−∆z)2)
−δ(∆t2 −∆x2 −∆y2 − (2Ln− z − z′)2)
]
(24)
where
(∆t) = 1 for ∆t > 0
= −1 for ∆t < 0. (25)
Substituting the particle trajectories from Eqs. (20,21) in
Eq. (24) and using the relation δ(f(r)) =
∑
j
δ(r − rj)
| f ′(rj) |
(where rj(s) are the roots of f(r)), we evaluate the sus-
ceptibility for the respective configurations.
Configuration 1:
χF⊥(XA(τ), XB(τ
′)) = − 1
8pi2
∫ ∞
0
dω(eiω∆τ − e−iω∆τ )
∞∑
n=−∞
[ sin(2ω
a
sinh−1(
z1a
2
))
z1
√
1 +
z21a
2
4
−
sin(
2ω
a
sinh−1(
z2a
2
))
z2
√
1 +
z22a
2
4
]
(26)
where ∆τ = (τ − τ ′), z1 =| 2nL − d | and z2 =| 2nL −
2z0 − d |.
Configuration 2:
χF‖ (XA(τ), XB(τ
′)) = − 1
8pi2
∫ ∞
0
dω(eiω∆τ − e−iω∆τ )
∞∑
n=−∞
[ sin(2ω
a
sinh−1(
z3a
2
))
z3
√
1 +
z23a
2
4
−
sin(
2ω
a
sinh−1(
z4a
2
))
z4
√
1 +
z24a
2
4
]
(27)
where z3 =
√
d2 + 4n2L2 and z4 =
√
d2 + 4(nL− z0)2.
In order to obtain the atomic correlation, using Eq.(17)
we first write
CA,B(τ, τ
′) =
1
2
〈ψ | {σA,f2 (t(τ)), σB,f2 (t(τ ′))} | ψ〉 .
(28)
Next, from Eqs.(28, 19) we get
CA,B(τ, τ
′) =
sin 2θ
8
(eiω0∆τ − e−iω0∆τ ). (29)
A. Resonance energy shift
a=10 eV a=20 eV a=30 eV
π
4
π
2
3π
4
π θ
-0.08
-0.06
-0.04
-0.02
0.02
0.04
0.06
0.08
(δEr )⟂ (eV)
FIG. 3: (Color Online) Resonance energy level shift ver-
sus entanglement (atoms aligned perpendicular to the
plates), L = 20 × 10−2 eV −1, d = 10 × 10−2 eV −1,
z0 = 4× 10−2 eV −1.
6a=10 eV a=20 eV a=30 eV
π
4
π
2
3π
4
π θ
-0.05
-0.04
-0.03
-0.02
-0.01
0.01
0.02
0.03
0.04
0.05
(δEr )∥ (eV)
FIG. 4: (Color Online) Resonance energy level shift ver-
sus entanglement (atoms aligned parallel to the plates),
L = 20 × 10−2eV −1, d = 10 × 10−2eV −1, z0 = 4 ×
10−2 eV −1.
Applying Eq. (15) for the case of the two particles A
and B, we obtain the resonance energy shift δEr for the
two atom system, given by
δEr = −iλ2
∫ τ
τ0
dτ ′[χF (XA(τ), XB(τ ′))CA,B(τ, τ ′)
+A B term].
(30)
Taking the limits τ → ∞ , τ0 → −∞, and using Eqs.
(26,27,29), we obtain the resonance energy shifts for the
two respectiv configurations.
Configuration 1:
(δEr)⊥ = −λ
2 sin 2θ
16pi
∞∑
n=−∞
[cos(2ω0
a
sinh−1(
z1a
2
))
z1
√
1 +
z21a
2
4
−
cos(
2ω0
a
sinh−1(
z2a
2
))
z2
√
1 +
z22a
2
4
]
(31)
Configuration 2:
(δEr)‖ = −λ
2 sin 2θ
16pi
∞∑
n=−∞
[cos(2ω0
a
sinh−1(
z3a
2
))
z3
√
1 +
z23a
2
4
−
cos(
2ω0
a
sinh−1(
z4a
2
))
z4
√
1 +
z24a
2
4
]
.
(32)
We study the variation of resonance energy shift due
to resonance interaction for both configurations with ini-
tial atomic entanglement (θ), acceleration of the atoms,
interatomic distance (d), and distance of the atoms from
the mirror (z0). The results are plotted below, where
all physical quantities are evaluated per unit λ, and we
choose ω0 = 4.17eV (transition frequency of
87Rb).
The resonance interaction depends upon the correla-
tion between two atoms. In reality entanglement is not
always preserved during experimental situations, and in
many cases nonmaximally entangled states are used as
probe or resource. Figures (3),(4) show variation of reso-
nance energy shift with entanglement for different values
of acceleration for configurations 1 and 2, respectively.
The magnitude of energy level shifts as well as the dif-
ference between energy level shifts at different values of
acceleration values becomes maximum for maximally en-
tangled states (at θ =
pi
4
,
3pi
4
), and vanishes for separable
states (at θ = 0, pi/2, pi). Note also, that the magnitude
of energy shift in the case of Configuration 1 turns out
to be almost double that in the case of Configuration 2.
This clearly reveals an example of how the spatial geom-
etry of a collection of atoms may impact their resonance
interaction in presence of boundaries.
(δEr )⟂ (δEr )∥
10 20 30 40 50 60 70 80 90 100
a (eV)
0.02
0.03
0.04
0.05
0.06
0.07
0.08
δEr (eV)
FIG. 5: (Color Online) Resonance energy level shift ver-
sus acceleration ((Er)⊥ → atoms aligned perpendicular
to the plates, (Er)‖ → atoms aligned parallel to the
plates), L = 20 × 10−2 × 10−2eV −1, d = 10 eV −1,
z0 = 4× 10−2eV −1.
We next study the variation of energy level shift due to
varying acceleration. As mentioned earlier, atoms may be
subjected to acceleration inside waveguides by the back-
ground potential. We consider here the case of maximally
entangled atoms. Since the magnitude of energy shift is
same at θ =
pi
4
and
3pi
4
, as seen from Figs. (3),(4), hence-
forth in all our subsequent plots from Figure (5) onwards,
we set θ = 3pi/4. Variation of the energy level shift with
respect to acceleration for both configurations is shown
in Figure (5). The resonance energy level shift first in-
creases for lower values of acceleration to reach a peak
value, and then decreases with increase in acceleration.
The figure shows that for specific values of L, d and z0
the energy shift has a higher magnitude in case of Con-
7figuration 1.
d=7 (×10-2 eV-1)
d=10 (×10-2 eV-1)
1 2 3 4 5 6 7 8 9 10 11 12 13 z0 (×10-2 eV-1)0.01
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0.03
0.04
0.05
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(δEr )⟂ (eV)
FIG. 6: (Color Online) Resonance energy level shift ver-
sus distance of any one atom from one plate (atoms
aligned perpendicular to the plates), a = 20eV , L =
20× 10−2eV −1.
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FIG. 7: (Color Online) Resonance energy level shift ver-
sus distance of any one atom from one plate (atoms
aligned parallel to the plates), a = 20eV , L = 20 ×
10−2eV −1.
Let us now study how resonance energy level shift is
affected by interatomic distance and their position with
respect to the plates. Figures (6,7) show the variation of
energy level shift with respect to z0 (the distance of one
atom from the adjacent plate) for configurations 1 and 2,
respectively, for two different values of interatomic sep-
aration. >From the plots we see that both the energy
shifts and their difference due to different interatomic
separation get enhanced when atoms are farther from
the bounderies, and diminishe as they are closer to the
boundary. The energy shift becomes maximum when the
atoms are equidistant from both plates (true for both
configurations). If either of the atoms touches the plate,
resonance interaction will vanish (as can be seen from
the relevant mathematical expressions, as well). Figure
(8,9) shows the variation of resonance energy level shift
with respect to interatomic distance d for Configurations
1 and 2 respectively. The energy shift decreases mono-
tonically with increase in interatomic distance for both
configuration, though more sharply in case of Configura-
tion 1. This is due to the fact that the atoms move closer
to the boundary with increase in d in case of Confuga-
ration 1, whereas, distance from the boundary remains
constant with increase of d in case of Configuration 2.
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FIG. 8: (Color Online) Resonance energy level shift ver-
sus interatomic distance (atoms aligned perpendicular to
the plates), a = 20eV , L = 25× 10−2eV −1.
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FIG. 9: (Color Online) Resonance energy level shift ver-
sus interatomic distance (atoms aligned parallel to the
plates), a = 20eV , L = 25× 10−2eV −1.
As we have seen, the resonance energy shift contains
boundary dependent terms (Eqs. 31,32). We now obtain
the limiting cases of these expressions to describe the
single mirror and free space scenarios. L → ∞ reduces
our system to the case of a two-atom-field system with a
single mirror boundary. Taking the limit L→∞ in Eqs.
8(31,32) we obtain
(δEr)⊥ = −λ
2 sin 2θ
16pi
[cos(2ω0
a
sinh−1(
da
2
))
d
√
1 +
d2a2
4
−
cos(
2ω0
a
sinh−1(
D1a
2
))
D1
√
1 +
D21a
2
4
] (33)
and
(δEr)‖ = −λ
2 sin 2θ
16pi
[cos(2ω0
a
sinh−1(
da
2
))
d
√
1 +
d2a2
4
−
cos(
2ω0
a
sinh−1(
D2a
2
))
D2
√
1 +
D22a
2
4
] (34)
respectively, where D1 = d + 2z0, D2 =
√
d2 + 4z20 .
Eqs.(33,34) match with the corresponding expressions
obtained in an earlier work [31] where the resonance en-
ergy shift of a correlated two-atom system was studied in
presence of a single mirror. Next, considering the limits
L → ∞ and z0 → ∞ together reduces our system to a
two-atom-field system accelerating in free space. Taking
these limits in Eqs. (31,32), yields
δEr = −λ
2 sin 2θ
16pi
·
cos(
2ω0
a
sinh−1(
da
2
))
d
√
1 +
d2a2
4
(35)
for both the Configurations 1 and 2. Here again we re-
cover the result of earlier works [30, 32] which considered
the resonance energy shift of a system of two accelerating
atoms in free space.
B. Relaxation rate of energy due to resonance
interaction
Applying Eq. (18) for the case of the two particles A
and B, we obtain the relaxation rate of energy Rr for the
two atom system, given by
Rr = −iλ2
∫ τ
τ0
dτ ′[χF (XA(τ), XB(τ ′))
d
dτ
CA,B(τ, τ
′)
+A B term].
(36)
Taking the limits τ → ∞ , τ0 → −∞, and using
Eqs.(26,27,29), we obtain
Configuration 1:
(Rr)⊥ = −λ
2ω0 sin 2θ
8pi
∞∑
n=−∞
[ sin(2ω0
a
sinh−1(
z1a
2
))
z1
√
1 +
z21a
2
4
−
sin(
2ω0
a
sinh−1(
z2a
2
))
z2
√
1 +
z22a
2
4
]
(37)
Configuration 2:
(Rr)‖ = −λ
2ω0 sin 2θ
8pi
∞∑
n=−∞
[ sin(2ω0
a
sinh−1(
z3a
2
))
z3
√
1 +
z23a
2
4
−
sin(
2ω0
a
sinh−1(
z4a
2
))
z4
√
1 +
z24a
2
4
]
.
(38)
The rate of change of energy due to resonance inter-
action contains boundary dependent terms. Taking the
limit L→∞, we obtain the expressions for the rate cor-
responding to an accelerating two-atom-field system with
a single mirror boundary, given by
(Rr)⊥ = −λ
2ω0 sin 2θ
8pi
[ sin(2ω0
a
sinh−1(
da
2
))
d
√
1 +
d2a2
4
−
sin(
2ω0
a
sinh−1(
D1a
2
))
D1
√
1 +
D21a
2
4
] (39)
and
(Rr)‖ = −λ
2ω0 sin 2θ
8pi
[ sin(2ω0
a
sinh−1(
da
2
))
d
√
1 +
d2a2
4
−
sin(
2ω0
a
sinh−1(
D2a
2
))
D2
√
1 +
D22a
2
4
] (40)
respectively, for the two configurations, with D1 = d +
2z0, D2 =
√
d2 + 4z20 . On the other hand, taking the
limits L→∞ and z0 →∞ together leads to the expres-
sion for energy relaxation rate in free space [32] valid for
both configurations, given by
Rr = −λ
2 sin 2θ
8pi
·
sin(
2ω0
a
sinh−1(
da
2
))
d
√
1 +
d2a2
4
(41)
9Similar to the case of energy shift, we study variation of
the rate of change of energy due to resonance interaction
(for both configurations) with initial atomic entangle-
ment, and other geometric parametrs such as the atom-
plate distance (d), and separation between the plates (L).
We find similar qualitative behaviour as expected from
the corresponding expressions of the two physical quanti-
ties. However, there exist certain interesting quantitative
differences, as noted below.
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FIG. 10: (Color Online) Relaxation rate due to res-
onance interaction versus entanglement (atoms aligned
perpendicular to the plates), L = 20 × 10−2eV −1, d =
10× 10−2eV −1, z0 = 4× 10−2eV −1.
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FIG. 11: (Color Online) Relaxation rate due to resonance
interaction versus entanglement (atoms aligned parallel
to the plates), L = 20× 10−2eV −1, d = 10× 10−2eV −1,
z0 = 4× 10−2eV −1.
The variation of the relaxation rate with entanglement
for different values of acceleration is plotted in Figs. (10)
and (11) for Configurations 1 and 2, respectively. The
difference between the energy relaxation rates at differ-
ent acceleration values become maximum at θ =
pi
4
,
3pi
4
for maximally entangled states. Here too, a greater sinu-
soidal variation is obtained for Configuration 1. A com-
parison of the rate with energy shift for same values of the
parameters shows however, that the difference of rate of
change of energy for different acceleration values can be
enhanced to a greater extent compared to the correspond-
ing difference of energy shifts for both the configurations,
as revealed by comparing Fig. (3) with Fig.(10), and Fig.
(4) with Fig.(11), respectively. Plots of the energy relax-
ation rate versus the atom-plate distance z0 also show
similar features (see Figs. (12) and (13) in comparison
to Figs.(6) and (7), respectively).
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FIG. 12: (Color Online) Relaxation rate due to reso-
nance interaction versus distance of any one atom from
one plate (atoms aligned perpendicular to the plates),
a = 20eV , L = 20× 10−2eV −1.
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FIG. 13: (Color Online) Relaxation rate due to resonance
interaction versus distance of any one atom from one
plate (atoms aligned parallel to the plates), a = 20eV ,
L = 20× 10−2eV −1.
We finally study the change in relaxation rate due to
change in the distance between the plates. Figs. (14)
and (15) show the variation of rate of change of energy
due to resonance interaction with respect to separation
between plates L for configurations 1 and 2, respectively.
For both configurations the rate increases with increase
in separation between plates and tends towards the sat-
10
uration value of the single boundary limit. This happens
as increase in L makes our system access a larger number
of modes. The variation is steeper for larger atom-plate
distance, as seen from the plots.
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FIG. 14: (Color Online) Relaxation rate due to resonance
interaction versus separation between two mirrors (atoms
aligned perpendicular to the plates), a = 20eV , d = 7 ×
10−2eV −1.
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FIG. 15: (Color Online) Relaxation rate due to reso-
nance interaction versus separation between two mir-
rors (atoms aligned parallel to the plates), a = 20eV ,
d = 7× 10−2eV −1.
IV. CONCLUSIONS
The resonance interaction of accelerating atoms with
boundary conditions is an interesting and phenomenolog-
ically relevant domain of current research. In this work
we have studied the resonance interaction between two
two-level atoms accelerating between two parallel mir-
rors. Resonance interaction arises due to coupling of the
atoms’ internal degree of freedom with the quantized vac-
uum. When one atom is in the ground state and the
other is in the excited state, they exchange photons be-
tween them via the quantized field they are coupled to.
The boundary conditions imposed by the mirrors modu-
lates the resonance interaction. We have considered two
different configurations – the line joining the two atoms
is perpendicular to the axis of the plates in one case, and
parallel to the axis of the plates in the other case. We
have evaluated the energy level shift and relaxation rate
of energy due to resonance interatomic interaction adopt-
ing the DDC formalism [46, 47]. Our analysis generalizes
earlier calculations of the above quantities for accelerated
two-atom systems near a single mirror and in free space
[30–32], and obtains them as limiting cases.
The goal of the present work has been to study how
radiative processes of the two-atom entangled state un-
dergoing non-inertial motion under boundary conditions
can be manipulated by the atomic properties, as well as
the atom-plate spatial configuration. To this end we have
investigated the variation of the resonace energy shift
and relaxation rate with respect to the atomic entangle-
ment and acceleration, interatomic separation, distance
of the atoms from the mirrors, and separation between
the plates. We have shown that resonance interaction
can be enhanced or diminished by choosing appropriate
values of the initial atomic entanglement, acceleration of
atoms, as well as the spatial configuration and geometry
of the atom-plate system. In case of the relaxation rate,
the modulation due to the above parameters can be more
significant compared to the energy level shift. We con-
clude by reemphasizing that it would be of further inter-
est to see if resonance interaction of accelerating quantum
emitters coupled to the electromagnetic vacuum could be
controlled in real devices such as waveguides. It would
be interesting to apply the present formalism [46, 47] for
radiative emission of atoms under various boundary con-
ditions in realistic contexts of quantum transport [58, 59].
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